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Introductory examples

Time-dependent Schrodinger equation

.. with a time-dependent potential

S0t x) = AU ) = (T+ V@) et ), (1)

where
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Problem: Solve the equation!



Introductory examples

Time-dependent Schrodinger equation

.. with a time-dependent potential

0 A A oA
im0t x) = H(t)u(t,x) = (T + V(1)) ¥(t, x), (1)
where
~ 10%) .
Ty = YR V(t)y
Problem: Solve the equation!

Suppose {En, ¢n}32, is a complete set of eigenvalues
and eigenvectors for H when V(t,x) = 0. Then an approximate
solution can be obtained as

ch e (x). (2)

(V) + V(t,x)



Introductory examples

Time-dependent Schrodinger equation

Substituting (2) into (1) we obtain the matrix equation

i%c(t) — H(t) c(t), ¢(0) = co, (3)

where ¢ = (¢, ..., cd_1)T e C?, He C is an Hermitian
matrix such that

(H(t)); = (@il H(t) — Folgj) e E=EDE . j=1,...,d

and Ay = H(t = 0).
d depends on the problem, the accuracy required, etc.



Introductory examples

Time-dependent Schrodinger equation

Substituting (2) into (1) we obtain the matrix equation

i%c(t) — H(t) c(t), ¢(0) = co, (3)

where ¢ = (¢, ..., cd_l)T e C?, He C is an Hermitian
matrix such that

(H(t)); = (@il H(t) — Folgj) e E=EDE . j=1,...,d
and Fo = A(t = 0).

d depends on the problem, the accuracy required, etc.
Galerkin-like procedure



Introductory examples

Time-dependent Schrodinger equation

. Space discretization (by collocation methods)
@ System defined in the interval x € [xp, x¢| with periodic
boundary conditions

@ Split the interval in d parts of length Ax = (xf — x0)/d and
consider up, = 9(t,x,) where x, = xo + nlAx,
n=01,....d—1.

o We get a system of differential equations for the grid values u;
of the vector u = (u;):

d .
iu(t) = FIDrFu+ Vu (4)

where DT, V are diagonal matrices, F is the discrete Fourier
transform (FFT algorithm)



Introductory examples

Time-dependent Schrodinger equation

@ One ends up with a linear equation of the form

iV = HE(0), 9(0) = o )

where )(t) represents a complex vector with d components
which approximates the (continuous) wave function.

@ The computational Hamiltonian H(t) appearing in (5) is thus
a space discretization (or other finite-dimensional model) of
H(t) =T+ V(t).

@ Numerical difficulties come mainly from the unbounded nature
of the Hamiltonian and the highly oscillatory behaviour of the
wave function.

o Different computational strategies. More on this in, e.g., J.
Geiser and S. Blanes talks.



Introductory examples

Time-independent Schrodinger equation

@ Goal: compute the discrete eigenvalues defined by the problem
d?¢
dx?

with ¢(a) = ¢(b) =0
@ The problem (6) can be formulated in SL(2):

ZZ:(V(X(;—/\ (1)>y x€(ab), (7)

where y = (i, dp/dx) .

@ Again, the same type of problem

+ V(x)p = Mg, x € (a, b) (6)



Introductory examples

examples

Sturm—Liouville problems
Differential Riccati equation
Geometric control theory

Optics (Helmholtz equation)



The Magnus expansion

General linear equation

Given the n x n coefficient matrix A(t), solve the the initial value
problem associated with the linear ordinary differential equation

Y'(t) = A(t)Y(t), Y(to) = Yo. (8)

@ When n =1, the solution reads

Y(£) = exp < /t: A(s)ds) Yo. (9)

e This is still valid for n > 1 if A(t1)A(t2) = A(t2)A(t1) for any
t; and tp. In particular, when A is constant.

@ In general, (9) is no longer the solution.



The Magnus expansion

General linear equation

@ Usual approach:

Y(t)=T (exp /t : A(s)ds>

in terms of the time-ordering operator T introduced by Dyson

e Magnus (1954): construct Y(t) as a true exponential
representation



The Magnus expansion

The Magnus expansion

@ The approach proposed by W. Magnus is to express the
solution by means of the exponential of a certain matrix
function Q(t, tp),

Y(t) = exp Q(t, to) Yo (10)

o ( is subsequently constructed as a series expansion,
(o)
Q) =) Qu(t). (11)
k=1

e For simplicity, it is customary to write Q(t) = Q(t, to) and to
take tg = 0.



The Magnus expansion

@ First terms:

t

Ql(t) = . A(tl) dty,

_ 1/tdt1/tldt2 (A1), A(2)] (12)

/ dty / dt, / dts (JA(). [A(t2), A(ts)]] +

[A(t3), [A(%2), A(t)]])

[A, B] = AB — BA is the matrix commutator of A and B.
e ;(t) coincides exactly with the exponent in the scalar case

@ If one insists in having an exponential for Y(t) the exponent
has to be corrected.

@ The rest of the series (11) provides that correction.



The Magnus expansion

How to obtain it

o Insert Y(t) = expQ(t) into Y = A(t)Y, Y(0) =1
o Differential equation satisfied by €:

aQ =B, .,

n=0

where ad3A=A,  adSTA=[Q,adfA]
and B; are the Bernouilli numbers.
@ Apply Picard fixed point iteration:

t
Qll = o, 9[11:/ A(ty)dty,
0

t
Qlnl — / <A(t1)dtl — %[Q[”—ll’A] + %[Q[”—l]’ Q=1 Al + - >
0

so that lim,_, QI"I(t) = Q(t) near t = 0
I



The Magnus expansion

Magnus expansion generator

e Construct the solution as a series (Magnus series)
o0
Q) = Qn(t), (14)
n=1

@ Substitute in (13) and integrate. Then one may build
recursively all the terms in (14) through

sV = i[ﬂm,sﬁf‘,},)}, 2<j<n-1
m=1

S = Qa1 Al

so that
t n—1 . t i
Q= / A(T)dT, Q, = Z BIJ/ 5,(,1)(7')d7', n>2.
0 — J- Jo
Jj=1



The Magnus expansion

Magnus expansion generator

@ When this recursion is worked out explicitly,

n—1
B t
Qn(t) = Z J Z /0 akol(s) akoz(s) s akoj(s)A(s) ds

/|l
j=1 J: k- kj=n—1
k21, ki >1

@ Q, is a linear combination of n-fold integrals of n — 1 nested
commutators containing n operators A

@ The expression becomes increasingly intricate with n.



The Magnus expansion

Some properties of Magnus expansion

e If A(t) belongs to some Lie algebra g, then Q(t) (and any
truncation of the Magnus series) also stays in g and therefore
exp(2) € G, where G is the Lie group whose corresponding Lie
algebra is g.

@ Symplectic group in classical mechanics
@ Unitary group for the Schrédinger equation

@ The resulting approximations share important qualitative
features with the exact solution (e.g., preservation of the
norm, etc.)



The Magnus expansion

Some properties of Magnus expansion

o Time-symmetry: Q(tr, tg) = —(to, tr). With the midpoint
tij2 = (to + tr)/2 and t¢ = to + h,

h h h h
Q <t1/2 Tyt 2) =-Q <t1/2 T ty2 2>

and thus € does not contain even powers of h. If a Taylor
series centered around t;, is considered for A(t), then
Do 41 (f1/2 + 37 tij2 — 3) = O(h**3).

e Particular case: if A(tr — t) = A(t), then Qp; = 0 (problem in
quantum computation)



The Magnus expansion

Convergence

@ Is this result only formal? What about convergence?

e Specifically, given a certain operator A(t), when Q(t) in (10)
can be obtained as the sum of the series Q(t) = > 72, Qn(t)?

@ It turns out that the Magnus series converges for t € [0, T)
such that

;
/ JAGs) ds < =
0

where || - || denotes a matrix norm.

@ This result is generic, in the sense that one may consider
specific matrices A(t) where the series diverges for any t > T.

@ ... But it is only a sufficient condition: there are matrices A(t)
for which the Magnus series converges for t > T.



The Magnus expansion

Convergence

Remarks
@ Result valid for complex matrices A(t)

In fact, if A(t) is any bounded operator on a Hilbert space H.

@ Also when H is infinite-dimensional and Y is a normal
operator (in particular, if Y is unitary).

@ This result can be applied to show the convergence of the

Baker—Campbell-Hausdorff formula

The convergence domain can be enhanced by applying
preliminary linear transformations

Example: interaction picture in quantum mechanics



The Magnus expansion

Preliminary linear transformations

@ Given
du(t) -
o = AU,

where H = H/(ik), H is the Hamiltonian and U corresponds
to the evolution operator, suppose H = Hy + ¢Hy, with Hp a
solvable Hamiltonian and € < 1 a small perturbation
parameter

@ Factorize U as

U(t) = G(t)Us(£)G'(0),

where G(t) is a linear transformation (to be defined yet).
@ Then Ug obeys the equation

UL(t) = Ag(t)Ug(t), He(t) = GT(t)H(t)G(t)—GT(t)G'(t).



The Magnus expansion

Preliminary linear transformations

@ A common choice:

G(t) = exp </ot FIO(T)dT)
so that

He(t) = eexp <— /Ot HO(T)dT> iy () exp </0t F/O(T)dT) .

@ This corresponds to the interaction picture, but other
possibilities exist (e.g., adiabatic picture)



The Magnus expansion

[llustrative example: two-level quantum system

@ Rosen—Zener model
H(t) = Eoz + V(t)o1 = a(t) - o, V(t) = Vo/cosh(t/T),

with a = (V/(t),0, E).
o Parameters: v =7V T/h, { =2ET/h; s=t/T
@ Here Hy = Eos and
H;(s) = V(s)(o1 cos(&s) — oasin(&s))

e Eigenvectors |+) = (1,0)7, |-) = (0,1) " associated to the
eigenvalues +£E of Hy
e Transition probability between eigenstates |+), |—) of Hp:

P(t) = [{(+]Ui(2)| )17
with U; solution of Uj = H(t) U;, U;(0) = I.
T



The Magnus expansion

Rosen—Zener model

The exact result for P(t) is known for the interval (—oo, +00).
Since

/ S E ()l de = (1/h) / T V() dt = Vor T/h = 7,

—0o0 — 00

the Magnus series converges at least for v < 7.

Compute Magnus expansion up to 2

Compare with exact result and perturbation theory

Compute transition probability

@ as a function of &, with fixed v = 1.5
@ as a function of v, with fixed £ = 0.3
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Numerical integrators based on Magnus expansion

Numerical integration?

@ Until now we have used the Magnus expansion as a
perturbative tool in the treatment of Y’ = A(t)Y.

o Fairly accurate analytical approximations preserving important
qualitative properties
@ Several drawbacks, however:

@ The convergence domain may be relatively small (although it
can be improved by using different pictures)

@ Increasing complex structure of the terms Qx: a k-multivariate
integral (that has to be approximated) involving (k — 1)-nested
commutators (whose number has to be reduced).

@ The evaluation of the exponential of a matrix is problematic
(especially for high dimensions).

@ When the entries of A(t) are complicated functions of time or
they are only known for certain values of t, numerical
approximation schemes are unavoidable.



Numerical integrators based on Magnus expansion

Numerical integration?

Is it possible to build numerical integration schemes from the
Magnus expansion such that

@ the numerical approximations still preserve the main
qualitative properties of the exact solution?

@ they are computationally efficient and competitive with other
standard algorithms?




Numerical integrators based on Magnus expansion

Numerical integration?

Is it possible to build numerical integration schemes from the
Magnus expansion such that

@ the numerical approximations still preserve the main
qualitative properties of the exact solution?

@ they are computationally efficient and competitive with other
standard algorithms?

YES!



Numerical integrators based on Magnus expansion

Building numerical schemes

Steps in the process:

@ Split the time interval [tp, t¢] into N steps such that the
Magnus series converges in each subinterval [t,_1, t,],
n=1,...,N, with ty = tr. Then

N
Y(tw) = [ exp(Qta, ta-1)) Yo,
n=1

e Truncate the series Q(tn, t,—1) at an appropriate order

@ Replace the multivariate integrals in the truncated series
Qlel = Zf;l Q; by conveniently chosen approximations

e Compute the exponential of the matrix QIP!



Numerical integrators based on Magnus expansion

Building numerical schemes

@ As a consequence of time-symmetry, Qo511 = O(h?$*3) for
s>1

o Equivalently, Q1%=2 = Q 4 O(h***1) and
Q2s-1] — + O(h25+1)

@ For achieving an integration method of order 2s (s > 1) only
terms up to 2os_» in the €2 series are required

@ Only even order methods are considered

@ It is possible to approximate all the multivariate integrals

appearing in Q just by evaluating A(t) at the nodes of a
univariate quadrature



Numerical integrators based on Magnus expansion

Scheme of order 4

e Subinterval [t,, tht1 = tn + h];

Yn+1 ~ Y(tn—l-l)
o Gauss—Legendre quadrature rule

ar = A+ G =2 A= A+ G P
Q) = g(A1+A2)—h2\[[A1,A2]

Yn+1 = eXp(Q[4] (h)) Yn.

o Alternatively, evaluating A at equispaced points

h
A1 = A(tn), Ao :A(t,,+§), Az = A(tp + h)

h h?
Q¥l(h) = 6(A1 +4A; + A3) — 7[A1, As].

@ Two A evaluations and one commutator



Numerical integrators based on Magnus expansion

Schemes of order 6

1
G = [a1,a G = **[041,2043 + G
1
Qlol = — —— [—200; —
a1+ 503 + 240[ Oar —az+ Ci,a0 + G,

@ Gauss—Legendre collocation points

1 vi1 1 1 15
Al = A(tﬁ(rﬁ) ), Ae=A(tatsh), As=A(tat(5 *To) )
\/ 5h 10h
[ hAz, Qo = (A3 — Al) a3z = (A3 - 2A2 + Al)

3

and finally Y,41 = exp(Q[fi])yn
@ Three A evaluations and three commutators



Numerical integrators based on Magnus expansion

Remarks

e It is also possible to express Q41| QU in terms of univariate
integrals

o 8th-order Magnus methods with only 6 commutators

@ Variable step size techniques can be easily implemented
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Remarks

e It is also possible to express Q41| QU in terms of univariate
integrals

o 8th-order Magnus methods with only 6 commutators
@ Variable step size techniques can be easily implemented

@ Next we illustrate these methods again on the Rosen—Zener
model in the interaction picture U; = H;(t)U,, and

Hi(t) = —iV(s) (01 cos(€s) — oasin(€s)) = —ib(s) - o.

Here V(s) = Vp/cosh(s), E =wT and s =t/T.



Numerical integrators based on Magnus expansion

Numerical illustration

e Initial condition |+) = (1,0)7 at t = —oc0

o Compute the transition probability to the state |—) = (0,1)7
at t = +oo

@ In practice, s) = —25 and sy = 25. Then, we determine
(Un)12(sf, s0)-

@ We take a fixed time step h such that the whole numerical

integration in s € [sp, s¢] is carried out with 50 evaluations of
the vector b(s) for all methods.

@ Similar computational cost.
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Numerical integrators

e Explicit first-order Euler (E1): Y,11 = Y, + hA(t,)Y, with
thy1 =th+hand h=1

e Explicit fourth-order Runge—Kutta (RK4), with h =2
e Second-order Magnus (M2): midpoint rule with h =1

Ypi1 = exp ( — ihb, - o-)

with b, = b(t, + h/2)
e Fourth-order Magnus (M4) with h = 2 and Gauss—Legendre
points

We choose ¢ = 0.3 and £ =1, and each numerical integration is
carried out for different values of 7 in the range v € [0, 27]
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T T 1 T T
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Numerical integrators based on Magnus expansion

Comments

@ The performance of the methods deteriorates as =y increases

o Qualitative behavior similar as that exhibited by the analytical
approximations: Euler and RK4 do not preserve unitarity (as
standard perturbation theory)

e For sufficiently small values of 7 (i.e., in the convergence
domain) M4 improves the result achieved by M2

o For large values of «v A higher order method does not
necessarily lead to a better approximation.
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What about efficiency?

@ To increase the accuracy, one can always take a smaller h, but
then the number of evaluations of A(t) increases, and so does
the computational cost.

o Efficiency:

e better accuracy with the same computational cost
e same accuracy with less computational cost

@ A good perspective of the overall performance of a given

numerical integrator is provided by the efficiency diagram

@ Error as a function of the total number of matrix evaluations
(numerical integration with different time steps), in a double
logarithmic scale.

@ The slope of the curves corresponds in the limit of very small
time steps, to the order of accuracy
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Efficiency diagrams (Rosen—Zener)

(§=0.3,y=10)

° \
=®= Euler

-1 - RK4
- RK6

o Magnus—2
= = Magnus—4
Magnus—6

Log(Error)
|

|
A

(=0.3,y=100)

Log(Error)

3 3.2 3.4 3.6 3.8 4
Log(Evaluations)
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Matrix exponential

@ The previous example requires the computation of the
exponential of a 2 x 2 matrix, for which a closed formula
exists.

@ How to proceed when the dimension n is higher?

@ In that case, the computational cost due to the matrix
exponential play an important role

@ Several techniques: scaling and squaring with Padé
approximation, Chebyshev method, Krylov space methods,
splitting, etc.

@ What about the efficiency of Magnus then?
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Additional numerical examples

@ A couple of skew-symmetric matrices A(t) and Y(0) =/, so
that the solution Y(t) of Y’/ = A(t)Y is orthogonal for all ¢:

(a) A; = sin(t(j?-?) 1<i<j<N
J_
b) Aj = log(1+4ti—
() A4 = g (11 0)
with N = 10

@ Y/(t) oscillates with time, mainly due to the time-dependence
of A(t) (first) or the norm of the eigenvalues (second)

o Integration carried out in t € [0,10] and the error is computed
at tr = 10

o Compare M4, M6 with RK4, RK6
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Numerical integrators based on Magnus expansion
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Numerical integrators based on Magnus expansion

Back to the Schrodinger equation

@ At the beginning, after a space discretization, we ended up
with
.dy
’I(f) = H(t)y(t), ¥(0) = vo
where 1)(t) represents a complex vector with d components
which approximates the (continuous) wave function

@ We can use numerical methods based on the Magnus
expansion

e M2 (exponential midpoint rule):

wn—i-l = eXp(—iAl’ H(tn+1/2)) ¢n~

@ If higher order approximations are considered, the accuracy
can be enhanced
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Back to the Schrodinger equation

o BEWARE!: the theory of Magnus-type methods has been
deduced when h||H(t)|| — 0 and is obtained by studying the
remainder of the truncated Magnus series

@ In the Schrodinger equation, one has discretizations of
unbounded operators!

@ It turns out that M4 works extremely well even with h for
which the corresponding h||H(t)|| is large (Hochbruck &
Lubich)

@ In particular, it retains fourth order of accuracy in h
independently of the norm of H(t) when H(t) = T + V/(t)

@ This is so even when there is no guarantee that the Magnus
series converges at all
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Issues not analyzed here

o Generalizations:
@ Periodic problems: A(t + T) = A(t) Floquet-Magnus
expansion
@ Nonlinear matrix equations: Y’ = A(t, Y)Y
© lsospectral flows: Y’ = [A(t,Y), Y]
© General nonlinear equations
@ Numerical schemes based on Magnus without commutators

@ How to use the Magnus expansion to get new splitting
methods for general time-dependent problems: S. Blanes's
talk
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