JOURNEYS TO AND (N QUANTUM PHASE SPRCE:
EXTENDED SPACES AND THRIR USES

Q@ﬂmoﬂc\ F. Bis\\of:
ool 03 Physics 3 Hskmovﬁ S The U&ws‘d:j of Mancheder
Schusber Bui\&m , Mancnester MI39PL, UK
[[esaail : cayraond ~&>'\s\\o‘> @ smaachester-ac- uk |

= OUTLINE
- Bv\QS Motivatien
- Classicnl Medhanies Ranisited

* Quarkizdtion in o Bdended (x-p-X-P) Space
* Fusther Extensions

A

-+ e ~y Smd j—\%zn& Siw Uia, oo e
occasion o& s 60‘5 B\t"\'\t\nﬁ ) QSP\QQI Q“X
a8 sSoresne  who QFFRQ:\Q},QS tat .-



“ S?nce . The S\nol ﬁeonHzr.
These are TRe Vofctjes Qf Re S"ccus‘«iP ,Enkc:?ﬁ.se )
Tts S-yeac wission
To a&?\owe drmnge new worlds,

To seck suk new \.'A‘fa and aew avilizabiens,

To bo\&\x{ kS where ne taan has Jene \:Q‘ﬁocc "

Hogpy Bicthday, St \.

Bt 'ﬂi@\p{) ?\Qnﬂ:. ,'\c:iﬁ e, en \( ) bt



{.
* L. Beief Mobiakion
— Skl stkfbts ?o\atsl ) bub lob we coedbien dv@ ol :
—> mmmamw&u&w v oul
MBuol. doscrigfion of. M (o8 folows: )
> We st with a dassial fariltorion H(x,p)
whidh fwals (x,?)wodiaakts on a u%
“()‘“L 8"’55 (e, ‘Sam«nk&co,\b’ ) ’
7 e fea quodbize o [{(% ) it s
vade TRs syremabvy’
@ R WA
—> Bul ¢ wlen we vew us= H(X B) W e
Stheo A 00 dly  dneese 1o
S gualiion Lee Wi
g o aliyr fo -wgresdebion or o
P~ vepresnlzbion , o \onte bredk *to.\%amuka'
=2 QUESTION *  Coa v owedd, this el wie o destrphion
Wit o d&q\: (x,p) @W«hbn ?

ANeWER, @ Our ‘ﬁ\"‘&*’. \'Rmb\\’c &: No e, o't

&
/
Bunu(&. Q& B, w\m\hfn:t:) whioas, e
Bd‘.,’ém 't e, berawe Yo use.
o ey, Yo Wigner foadion WOLE) ond.

offer Phase - wouJim 008
ot \\z\pmx \Nane: JX; Jx.. ’
dﬂm‘g Serehaa Maymt&x e,
Yowedy, ¥s o\ lRer Ogoq;le,‘.
So, instend. : |
= lot's op vkt bode bo lassicall woedhooves
ond s I W con Sacednowd ~ulabe it
swe Yo m\:)*e.uk( )Mﬂ Reald haw

ko Sbh\da)e, AM & cmm\icn.lttj vmig;,




2.
* 2. CUossic) Mednanics Ruvisited : Graeralized (o
Exirnded ) Lcs\m%mns ood  Haeu\bonians

L =Le(%) & a classiel hag@agian  whee x =3x.%
\s o seb {3- a%un\xn&cmt\u\n}fs

" TThe Buler-bogeoge agpuations  4-2x 2w <=0 (1)

dt DX,

%h%ﬁbﬁ x = X(E) n x- s\mce
n The CD!WQQJ.EB (,mauéolg 0o b, ©: fb\:&m\ﬂmk X; &
P, = %x—"— (2) .
* The Pl boion is H- H(x,‘;) ’ﬁxa L (x,%) (3)
(NQ&, “The. cononicl capmedtum B, & defined. cri.j
%'\h achial du.ss\u.l Po.tk, m ﬂot

o\ 6"\?&/’ ietual,

S “vidual potia” )

" Ke& pot | &;R‘wa T's (\uahb) uausual o do So,
(3@; has a.cKp0e . here. oier Seen it done )\\Rm ®

a \e bo (N
o«m o u;s‘\ Witk wm\esjpi uaed
> suse?ose, L =L (»Ma) ® %\QS&G:J\ L"j"‘a“"‘
501‘ e Scme %as\em \mﬂ'ql?

R Tl VBA'LJD:S P= P(ﬂm? ~Spae. is mv‘a\‘&-ﬂeijwm
e Ruder Logeose egpafions & b\? 2‘? =0 @)
=¥ i WWS‘A\&%\&M ot
m o The coanne \Cnl\:j ju\cdﬁ ) tnabe_ %0, Xo Wm’tum? & |
x; = "bLE L
oF ®
(Nete. : anain, x; & dofned valy alo
Jaseice ) b - "*wzd‘m \"3 (j




3.
m Koy ool $#2! 1 The same Hamilbonim cmjnl«:\j !thg
o e shauin, o be aNan s
H= H(X,P) = =% \5.; ¥ L?(’F)'%) (5)
w \Ne cew ome to @ cedbrml patat ecd Rey eocbivalion :
> $0as et b et "ﬁn@t\um SN
w B on cva.o«lx'mhm = W+ ol W’m
\etusta *:o\mesw’\\:'ﬁ ‘,:qgoj-q, ’
émud},ﬂ Lndw%m (o exando). m;q\w_ﬂ w MG
6&& Lx,r) assicd. ?\m-ttom, M , s }l\u@: :
LG p,%, ) = =% pixipy + L(x %) + Lo (g0 (7)
(Nebe: IFs ienpoctont o vealize fik Llx,p,%,$) =0
ol dassical. padhs ie, uhan (x; JPi) we cononlally
uﬂob s shve TR its twt o Ai(ﬁmm,
Wl B @) O
but: subside to e ofth achual. dassicak patis
(%i,P) @00 be (axidwed as Andugdad VodMes,
—> dus* Yo ool classical phute. space. )
m Witk (xi,p)) wendeed as fmd&?‘ff\‘k\t vosaldes, Ha
| vah'm/? )W’Q'm oce.oan) Sduaed. a‘mm pv) pua
) %H/Aa:é E‘*\Qr'\‘“j“’ae' vahmzs

d D b _ Dy D
(a&{gmﬁ w0 > B30
S AD L 3y

% o5, "oy, =0 ‘7532——%%:0

— ROy Ss\mt? cho&uca_ () ad (4
— S0, has \;% boen '3” \ot! 8422_\
/] Qu ﬁ aN . S .
—>




4.
m Now : Eq}nbm (7) jor L contnins @ totrl. desivakive |
- %P %Py = Feo%epD), whidn s e ozge:t
" dagsical sedhanics ) BUT widn o QM will
vabvedigg a. thase. f&br Un Wane, fwhms
Sd canagh & v)m'd. == | \ BE '\’R%PRRED\
v e Ry (D) ““A(%)W- k. Q.duwu\.mr(
\“‘”"?5 \o:gbwd.s«\ o LN A & /?q} Mﬁ
e am:j N/ 'G a \"\um\bbﬁsm )Em M VS\MA’L
Q(b) (,) Ase Loaw QQR\T\ \'\M?th'{t (\e
m& oa &,\nmcaL'?ums \:j&b, \(MoMeS —5—
Camg.l‘; a \fm‘hﬁ& (X\ \ ae now

Nia L_Q(,?/ )? as usual -

— oL _ oL
'ax - 'b*t ~ (qq'\
. = - oL

(Nsﬁ'g_ @)n Jasgieol. ‘mH‘ X =0 "E" fwm E‘t:- {\4(‘\\‘
R (he QX.\*QAA.DA_ Homilteniaa G- 15 waw d\ o.s usual_.

vie. ‘*“G(“G\"Z:;‘j) u?‘.‘ m@ —LQ‘)'P, J\>) (1)

- v o Bq.(7) =

G = (n-vl’)x i) b -, x) \-(\%F) ()

e (2), (s)=>L&x,x)-—H(x ’°‘~x\+x x (120)
b Bep (D)[6) 2 L (5,p) = G R b2 )

T leed Bge(120,8) W Bg.(1) =




9]
o

Glo% %, B) = Crv B2 )R, + (- 38,

L D%
+ RO, S - “@:\?‘f v (1)
- SC“Q,“ , \esot Eq,s.(‘\a)b) tabo Eqr.(\?ﬁ ==
GLorX,B) = Moo peB)-He, )y | (ua
=S A TH on M e |
én‘. ‘OF:‘ EL ‘-SZ:':X"L‘_\ (\4‘5)

Ly veRY INTEREETING RE=ULTE
(&\_@"2‘ Tscnfhcu)f\ﬂq et G & 1S d;gmmm of.
i\)ﬁmﬁ&\ € —>ct ) Wf"“b( dd ﬁt’\J\f‘;\.'ﬁ“ﬁg
o by pewidod. @ sessid o e
weticion £57 o wodk ) -
| No’(k,'- On Jassico), y G:EC)/squ=D=f
=" \:g\f\o.\\ﬂ( any dWeTers orcony o) wWe con caxiy dhedk.
ek & &:@ Pand %%m?{ Aastical Aﬂv\{é@q >
~ sine (xi,Pi) ove treabed e a8 P gemalind. covdinokes
ard (2&@ ,?g)qs "’C\TQ,MW(B 'JQWL@WN@"
fhe Hamilbeoian /am:hims j, e Qe

== . _=G G ¢ ™G
?L 'bxb ) o BEL / .B.L: —"_6—'xt 5 ;——S-k: (!’5‘
—  ww U3 EW-(H-QB =
| H'ax‘ wkp /T TR, e (Jea)
EL = ——9_- -(-:.Q\.-\_ ¥ - .fOH b\'\
'B’(c.\x,?-\-? Wi\x-}X)P 7 Xi- "SEL "";SE\X-LX’(%Q
/7 )

-~ dw\ﬁ Eqs.(lb‘a)\\nmﬁ‘a(m Wukim P =0 =X,
oed. . \‘n . L | Ly

oo = DHOGRD o L DR R
w B, 2 T Ty




- Do zgtu‘ , 8o aoocl ‘. = \Qt}s ?)Aau'b'ze_ :
* 3, Quacdiizalion in o Exdtnded. (x-p-X-F) Phase. Space

™ Fostulales to qoctize te exided. dusid. thase syaa fheory
& Postulde 4 1+ The dosieal c-oumboas Ixi, i Ko BY
—>~Q‘>g¢qto(s: X-»Q,{:-»%/x_—‘»}s f—?f
with e Shlb\uua Laaonical mekil\fm ~dokions :

Ce; %1 = =58, ; (X0 1= 0y (47a)

Nete s\an\. — (w\\suwb\u*)
D] = U] = ko) = 0 ()
KA EE-Bl-0 o
[Xox1=[8.81 =0 (\14)

-1l BYmhsTs {Q,‘f:)i_,??i\j s Sam' QWJM
of % Hemuban ey] oup, WL ) or, o goaally
{«X"i?:-)xi/?i/i}]“’w 2‘\,1\2) wilh L=14,2,-- 0

x NOTE : Qua. wﬂw«\mt& (penmulsdion vk sas ( \'!Q-d)
w\;‘\\z‘\’m ore. L\::al, \:,QL,%'}:H’R&G vo T2 uauah,
et ‘ aele Ceulodd ﬁ“‘d@ . “u
(¥ m cmmt‘on;:;ﬁ se“}m\ o E%S (é,q)
became \We co) treck X;/'ﬁ,_' on o anl '
tiog a5 guacalized. (Prae-3pue) coodinoles,
with, E/ . as o W@ “"d“d‘%

o \.Jil'/ue. a Qan\ A0 Lofo\.QE
equuitalane, Ll B wee wrid [x;,81) =+
b Mahm o \>oi\\:3 tmxgamah'm.,

Xo—=> K =-%;




7
LN ?os\'uloiﬁ #2:

—The W“\“Qf qp.o.«bxm ’m T e mﬁm&hm e
am %Wmmﬂe wm‘h.x ons ~u(x,p) of

)P, ‘ﬂ?.
P={wixp| ST otpP< o} ()

—Ptvio.hzqtms&TBdO&m@ P\s’fkus

X =>Xg h-)ﬂ DS —>—d=.5? ,E —»-c\'\l (\Q)
(Ndﬁ. o0ce °('Tm beuke TRe %\Bn-g (_ﬁmsa»e»au.s rdl*))

— The W'qu q}mntuw\f\'\ah PR P & %m\cvb

P = {Sxp)| SAXTIP BB < o2} (20)
bﬁ\s{ 'tE_, N*Nnt we \ﬂ-Mk. S X
Wé:ﬂs w(X,p) > w(legﬂ -
= R eliadin f tte Qomms\:thm aleom@m F e the

X —>-;C\Rg§° ) B —»-;c\a X, ,25 >¥; BT ()
(‘SP.*& @F:xb‘\m\\z u—ms.ta\an buk wew)
?c bhos Ho " NNB i‘r\aﬁ/ ata becawe

°§ o save " weocy 3}5 fw “a.s\aném

— Yoow Producks e Ac{y«e& oS e.\c?u\d P o B

CATHE S-ﬁw BB ; 0,0, F (2

(G| = [§ QXL Ay DYk B) , G, G eF ()
A Peshdila # 3 : The axdended. Soncddinae eg,.m_hm w P

e W&E el %o M\m ‘k\nu.-sfuu Mm,
Levr, sohs‘f-es e <xdeded Sdmoéwae/ & pation ;




R.
Gg = '“35% ;> £=850up,t) e ® ()
— Ye, uge of Eﬂrs.(\h‘)/(\q} =

MO, £u-v8 8~ Mok -t 1)) £ b t)=ih 3{@;,]3: D)

Note : Ocderioa Pt«ﬁ,o\ui{)\\j[
Witk ¥, opas X'Bmw\h o e Paredtonians w By o(228)
e hae, usualC amb\auit\i aosn; 1N, «hmas of
?N&u&b bj* 31.-.&))(3 w T2, d.??g&o’:\ %3‘.(‘&;}?0 —_—
h G Ream Aiseqpeon i U > 25 4N(R) ) as
msval. o Mo cwve. aeacal, cas, lets ok, vty
S o \Weli \Bf.esis Mob coh | & odared
= R e deivdies do “\:tmttw\,bu.t
- waf oF 2w Yo Yo, Joe., dir on
g Wseff - \3 ;\Qm& we. «'% Q;QWA/%(;:% \ba\w.:
S (CRY[°H 2 TH e _ 4 2P
| “Z__‘ &?‘.)'['aﬂ‘ D R Ch_’SE' J (22¢)

L

Nete: Thgically adwisdtMe sedudioas
e also defr Bl \abes #a. gesifion o
condifions Bk sdutions of Ay 3@& &x\‘wgu
eqpabion (23) naod to L0 fn oder bo be
cally adwispie (F=, oct N seldion o B, (2)
will mussm'\j | % y\j&dlj m\«\imue)

a Peshulole #4- : Expedbion volues
In & oprebs G’E,'ﬁ) e Wy c-vwmbey  Fx,p) .
\WNe Tﬁu\c\e ok Waur ev?antch'ocx\laluas ase

[ <o -JEEsensed |




§ qb!
- piy § =t =
ooreaalizahion condition [ ‘&8 S(x,P ) =1 ] (2.5)

Nete: Qae 03 We hae Ga oclasing axv: NB Wath Lall
m&\bhe.tezm\mc\ \akt/, |-e,'%. nlhavxbls'(ﬂi?\
S Q\w we (OIS U“\H S\N'Qm‘-ft., XI%,
P-)- t_ as " Mo x~qmd:«bm§- mﬂw
| So\kLnOﬂ 0‘- “\“a. Qxi‘!t\dn()\ Sdmoc\u«qq qunbon (23\

Cle: T\m-Y«e&m oo By (ﬂgst:a exted, dastical,
\.nawbm of #a trkl deivakive "ie(&.’ﬂ)
fo spmarce

-LXJF.,/R) oo e Sﬁuhm (x, P.,b
3"‘\»{ kt? \“ a. seldion o&- 3”3’ )

S( /?\/t) SCXUP‘ —‘x P (26)

— We ved ean\w so ek e
O) (B~ theg) plxcqit) = | /{—C‘R—&- -%\]e -
= (r —Lt\.m()f = -"C“, Lxg?t/h-:g—(—;_‘ (21'1)
(2) ol &\mlot}j

Q‘KL “\’\ 3 S = -the XQPQ/R —3?— (ZK.\

- Ecvm'hms (2705 = _
Hos b B3a)p = € Pl 8d)t (8
oot p)g =€ 7 W ) 1)g ()

Uhase Wwe hanve. Wﬁc“ﬁa Se.ma&w*'bo«s as b"‘l"“
a’uvutncdﬁrm v\- ' wede Y2 Hareilboaiaqs”

— aew less Eobs (Ra,b) inbe Ry (23)

=



.

[ R~ 53) -H(- 83 )] §0 1) = 0 BEEL) (0
— QUory Sy ineadion, Re () s Sepacle soluticas

SO, pi,E) = K, (xi,©)M (?;,t) (20)
e b od My sabify -

H0G, -8 ) (x,£) = ik 20ad) (o)

H(-R& ,h)"\ (P t) =—ik ‘“e(r ) (2n)

th et shbe. T ulot>—c\‘\ \o(} (329)
w o - wpasebbion e

<xile) = N (x; %) (33
od with &=~y xivxi > RBI =8y (a4
— Neke 2.: By talig te tosngax ndiz of: By (31) o,

ubvb‘\tn, \'\@%ﬁ\u\.“ §§ -)

Su e b HIp> = th3elpy (a2
o ?-ﬂtmbd‘b\ \—5:3&
<?¢.\F>> = “(’P(Ptjt) G
oad. Witk ;ZL =+d’~% ) l\;c P> i&;?ﬂ’“‘*‘g &)
= ’np(ﬂ,\f) "/"p (?.,,{:) (&

- Nok;?: TOonRADLN w\qﬁt\s\"a}ﬁ‘ (?\ ae. W@_

e e s e P ——

— e cue&d wilt w‘m of ?\n.\o.s M@N’?m
Bulp> = Pilpe> (%)




1.

=> <X"\F" P> ?&.<5<ch>t> = - ";\ <X‘ \ﬁ»‘ =% <xL\Pc>

- Q‘P‘> — “'U‘t’h/g ' (37)

Sul Losweellion - Const. = |

=
- Fuotospres  Flpi) = <nilg>
- S’o &&<\>L\xa><x¢lp>
= (Bl = T Ty | ()
el f B <TRRG | ey

= Ty By, (%), (30) wd (35) =
e MXL SC\\Q&A\aU W (23) hnas stulides ¢

l 5 (K‘)?t ﬂ

\{" (xi t)’f-»p (F‘)t) =P , (B‘l)

= Graem), soluieq

Stne, T axdsdadd & \S”Qi/“'“h“\ (22) i Lnear, ve

%\mt&mml.bs\nhm

S(x"/Pt)t) =

(40)

u \Poz (’(i )ﬂ “"P(?i ,t) e LRiX A

¢

,Susradion, Wetion ienglied

: We 26l vand labv 8 B codibions on. vaakeik
'{"3 Bl PP Y bo o ﬁj&\‘&l\é adeeis ¥ide .

e \\l“ “\d)\mm :

losert EC} (40) ko By (28) —

AT S“b‘ B, (x HS“ m*’*: (?,t) SR _ \

\\—-——‘\
- Y"p (x,t) Lo By, . (585\

&dx%«(xew»pcx)-«



Assune He sd (L & otfonoralind. =
§:d)< \l’a(“/ﬂ‘{’:(‘x}:) = gd'B ‘1
e _S:% %(?Iﬂ:\l\;p*(\:/ﬁ ¥ S“P

= nerralzilion czg ,S’("/P/t> = ¥, =T = i] (42)

— Sowe actehions el Aoé-?r\ihbns_
(1) %-spaca pejeckoc f>K = (x>

D A A (4'3

= | P-4 ).

Dp-gageiehl [ 5 o |54l i
> |53 b -1 )

(3) daity opaaher § = §®)=x \%M»tq (#3)

Eopations (43) -(48) >
Te (Bl By) =T Mol lo><plp><s!)

Sl (xlu}(ﬁ\‘b(?\x}
- C“P\P“ (4) \(Jf:*(?zﬂ et & = (x,p,t)
= S(K,?,t'\ =Tr(§3x§ $P> ‘] (4)
= x|l p><pl> |

Note.:  vorealizalion, Bys (2.'5-)“ ,(42) =
T\-“A=tr-r=1_] (47)




3.
(4\ 2eveay wﬁwﬁm
Expalions (3la, ) »\?; soegyy Qoyivndion Solibions —
Vol = ) RO RER), () =B ¥ 1)
e ROEFH w5
B, & by f sy Ryefedions

§op)= 5 (tW» OFR)E P )
{ § w(t)= el Eim:/k ] (4%)
ond Eﬂ,- (‘ﬂ} .

et | Tf§<t3=s.u=*rs<ﬂ=& | ®

.

“f%r* S u\”th Ttb. i?rmnh‘:m ,lebs LR
d &i:é ocder to shad

Mh\&o«w\wmuewsbn& —>

. (1) C,\qss«ml CoNesdKg.
— o e Gt t*olm x\redod SM&T%V Q- (2&}-9

. i
1_15{"*(5“}‘0] (51)
e (ABY = SR -Rn e o el Poineo broet

— By.(51) & Te ek Lisuvile epualion of (eqpilhium oc
asa- )ublmu«\) Jassieal. shehi s’\]cr.l wadhanics

- Nb‘\'z (‘Sl\ um‘lex oC el ooc\-@n\?e.
so(m bu.*' d«&'ﬂz sdubioay ove
u&q«\d Ao.g{rgs. ->

we. gt o§\;\_ '\Ya,ma.L?o& sa\wbions



4,
— Nete,: The. cassical, Uimits s obfined, Yoy Tomspacedtly -
— Note : MPorTANT ! Quite odike g, wnak damcdl derveion
Liense. B0 (e a %mmm QQADM or

m%&tmm,ww\:ch
au)r\ut\ MMQMMLSQ&M ﬂ?n..m'hm

deice. (ie, He—%ose oot o e the
%’Qte bst mM M\I}!Qs 'to w‘m«we\'t
) oW absve dagivalion,

ma\xwe’cakﬁ:g_‘k Obmt '\EW\MMMQNG
(w‘ﬂi TS bt e Inextagolle. \AQN Mwnﬁcx

M\h&} eiv. has cof &As:ﬁv:mu\
bwt % T stabishy Y?act (’j d@!m:.L
shrhistied. M;.\r\a,mqs hoas adb afsa b e

(\ m«%!km’a Pe.) ok has oddsn iabcaw
:u:toTB've.muif 2’\% cMQF\w\msl %

((’.—s o Qe Cats 8“‘\ \> tjen m Tha. t\-)() hm;"

* (2) Pure shle gMantumn wegdhanict me@u\*‘lﬂ\(q,

— When we s S’ °‘P jte, £ loty<u| Wzo.zc\xmt
to \eaom aAL*\:e, usuak eewﬁ‘s of (puwe r’fait\ QM
«3 Aot ocdl e atned 7
—\\\ d: no‘l: ?}ute, So asS wNe l\S&éSm@_md@ "
a:é l‘ao.ﬂk e

va ﬁmt\,mﬁ ‘5 whok (x,?) 0RAAS Sof exarple | w

cxmb\m"‘d o BY.(24) , a5 we wewl ghow —>
~quuahm5?1 o«L(%)*)

<§> gm S(*;Pﬂ-\ §0x,p)
= W e <K\ € P> <ol £ p)
Now, I us wate C“SQ"PB—"S ("/1’) wihere:

h <F'&Q§/?’“x> Js (")1’)<\>\X>1 {5'2;&.\




\3.
= (&> = SS 9‘2%%43 15> Lpl§ (R P\

= ’ <88>= Tr(§'§s> 1 as «Tzdﬂ\\ (52)

— Q_\.Qoﬂa,ﬁws.(f&ab\m axaiest '\5- J&( )_ 33(“:?)’
WHhee Fe shondod ocdad o0 ¢ =
i) thmmwg
o-gmbm n orey om .
— \Ne con vo0 caxily Sow U‘“’\h T Qf«zhm r:f‘“l
eduion, we W, ma‘caitm‘\w vy
&Eha\ of ’db,? Space vepreataition .

= S Y = L%é;i?.\‘, (X'\"P*(T)ef? /hfs(

With oo \ess "f D’“‘MJ} pd §.&8)=PRIRK)
= PERK)) = SS ‘(—&(x)\‘) @e‘?/ PR (52)
— 3o, Pt in o x-pea Ec‘,("a‘ﬂ‘*»
PRI = FEEE 0057 a0 Phud)e " /8
- &*\bb“-"ms*f“%: o ‘M"s‘*’*
= {ot, RRPEE)] 85 mxp e TE
Sb ‘°°> mns Eq/ (3=b)
=) RE ) PESERBEY (%)
os taunl
Z(e‘:‘a‘mg%t o/‘- btué‘i
T CRHREy - Sc\x VOPEERIQNLE) (54a)

o (a«. B exadh, to uand ‘?\uc*s\?ll QM
wc? n \2&, x—s?ug qubahm
=> sur ocliiny produe, $=5, As d%b-(fwed



(6.
— Sesedly £ bole sue(1) (ot w o p-
vqnmoe\ ushere CEZY L‘S?i)wg R

CPBORY = ((8de. o, (1) € pip)an)
- T8 B ()PEGwHE T
&\nbbx \dhg "ﬁ%—?ad *bt\a/:jkt
B PP HE) e, () €T
S PaZ) & i Y
= RS = S’° S DX PSRN, () (54)

) in B, wodd. 2we~s5E O ans
wBti?me i\dﬂ? s.‘ru:m &Tmim 0%

—f—
Nete: The. pue-stele £lpt) = \b (x\\b*(@ ek i

) S e 8lort) = hbv(ba\ }Pur{% e (5%
S\l
(2) Swﬁ—f(x,y,’c) = \x(.& (x)\c\\ J (sh)

L ——
m(3) Quagm selitica). wadnanics M&m&zm_
— Ve hawe fom By (), §rin) =3, (OLORHET
> &F = RN De “apeds

ond ) Ute % Eqv (235) =

L\Ri‘ x ) ‘I’p (P)e = S ‘_H(X) F%‘kg‘) H@c—-m‘hﬁ? ?ﬂ
“hl ¥y (R T

ood, uie of R @"7“ b) =
&g, \PL%W»F HET N5 [H(K-tkb‘) QLA
“(X '¢ ('F)



(7,
Ltgup\b“("wﬁ (F)= £ (R -3 AOIN ()
= Sua¥u & K_H( &35, p)Y (9]
— rews ke [T4KAL WG (p) x (bowe eqpuabion) =>

R = B el B8y -6, BurcLpININY
= &AK\H\W fkpqe»mw

> R fo = Hef-Seten | (5k0)
of, Qﬁ)“” w.ﬁ'g, Waa), QM B?QW malknty M‘?"sm
Sard &’RS [\-—\/51 (’Séb)

- Eu(mhcns (S6a, b) o.reduzs\‘ e wauwed. von Newraag
egpakion ﬁ:« tkaj &gm\\ Moi:axq-é ms\:ed: ~edh .
— Q«co. ‘L\ t’ts Jdasxicel. onoleyug

(‘SI | We
&\;&m i&» a to um\ ais
cu\mszg\de \n ?o& e v&vmt :

(K ‘S'd?(.xl?) B on obiernaMe, u‘*.t. (DR bkm:hm
caadrix. w teres d\- cnadnix e\n.mts {5 (xRS B
_&‘P (te, N'hﬁ =§ ) >k expm..tatm
Vae. £ D s\mL& b veal ; oad

(2.) ' (x ?) & a fes\‘\"pde.-éns'v\ﬁk oloseruole. (ae,
\EKS '?I >0 Vo(> = exTG.J\hoa vdue,
<5 et be. poxituie. dafwite

— Nek syl MPof TR o Y ek Ven NQL\MM\

cokOX 0n @nsewMe oNQmae
wtva&'"}dd g, vur dorvabion s Iwowed

(\o such ax — o oaly  anemaing
dos iewokwed %i)to. QM Qx?u}Hhm i?kue,
Ve ey oxitded  Sease.




R.
- CQJ‘\ONQQ,\; TMS’(""“’“*JV‘“‘S
- o The. ex.\'%dmk X—p -%-f ?}M«h\mm SfQCQ, W@mm
4' °T”"b”3 K/P/X L (“ eaate Q“"’J\[j o?“‘m L '?t )Xl/E
Ls),2,,m) @ik oleey & Huszn\ma Wey\ alyebe W(2 R)
Qof W(ln \Q)) of Fys. (\7Q—d§ 55 Sl 1, lebs shaw’tk n=l
— Mo, 4 10 biliacar peduds XP 2 K?J “"$“P 8K 35X,
;\;'P &ew\ e <loted a \ﬁdom SP( ,R w\ ww'tohm

Tg.ﬁ xa ende Consaiel \:NSmmhm on Ba baric W(2K)

~obions .

‘-No\‘p, ch.,’mn'ls\ Whese ove Nﬁ:pj woce hon et
aWL *m ~cede Wu;ytj u?ud;ms ‘]

A 2xawple (1) : %he KP o\enem*ce(

BR
"’QM\%‘&QJ e amﬁJ W( A eL,O\ /.h '}\GR (57)

A

aad wmdw\\:sméao}mhmm 2@2?
te. mskjef U&UJ' $¥9 %%, .95
> e "B P -B*[ﬁﬁl*zuiﬂtﬂﬁlh (3)
ond Bs. (\a-d) =

%= 0&0F = ®ang
/\I A LA A A
= DT = b4
i)/ Ll)\lt nl_‘_ ﬁ+ £ (,qu
| 2,% = UXMJ = X
P'= (F ;faf
— \Ne 208y O«u)e, et e cdewo_ Lo 008 AW

csaemico) Cie, KO § K § m Sarme w(z R)

cemmh-hm ﬁ-\cbm. oy & f, §° %-(17)
— Dadey TRe teas ohm R exckodal 0«\««\?5&/ %5 patiog

g st ® of By (), viz

G—S = d;_}_& becomes



4.
(U&U*Xul@ = %3 (Ug)
Wit Gz H(R B+E)-H(Z+X E)

A'\I\

=> U G.—U = H(m}qs. ft-(]*ﬂ)E)-H(x-t-(Aﬂ)i, p)\f? )
) :(kws w ¥ Nﬁw qﬁwhmf\'m spae W 0n
U\ l);r H( tﬁ\%‘s \:-L\'\('?Hl)l) \-\(x-\th) ?-m 3
)

M&.MJ\BSPQ'FL&?@ 6o

O\S‘ (/%) = W, p,t) (6la)
= | W Gpt) = oxp (CRAZS ) el p ) )
— et jut ovalude &y (61B) =

Phet) =8 O e, W™
o &&Se, By - (3%a )
— fdP SC\X/\L' (}('\ Q\(‘F( ‘h’}\ﬁ\Q\b ( 3eﬂ>(x"")/‘k>

-9 T“'*;Q")X {4+ A B 2y B o ]
P | (\L (x) e‘\’("l"‘v‘f\)
kj(’-b.m V(mn\lex x =¥ - Y

Py B M 2 Y]
=??

; W‘?\ (X, ?ft> = “p(’c) S’i\i ~ PY/4 \(_.d (x -'A:Q\l-?: (x ~(2) 3> —J‘ (62)

‘&PS °‘:s%

. o By _
= Wt p )" =S;; '_S &36? /R\l&*(x-ks)\l)ﬁ(w(m)j)
\)Se qu (4—'5\ oad. (; =X et = f* = fpu (Mh.m)
\ R
@[\f\]?‘.("‘)?)t;i ~ . w(\’ ‘\ 'LN ‘\P /V-(‘M"):Qi’ (x ?\33



._.mo ?u‘b aép/ 59_\( 20 .
O‘J?}ﬂr =Ff S A‘,Bé;"f "P (Xi-(bﬂ).\,) ‘PP ()H?\J)

— ompare Wik Eq, (62) =

I, 0 b8 = W (o) | @)

- E?zud" Q&L\) : ')\:—\
tub A=0 in Eq.(63) =>

WL 5, <[l T =L o p T (@
—~— sqeual. (082(2) 7\——}’7_
Bq.(62) =>

| Wy op®) =00 =5 0 [ £ty @—-x)( )

— whidn 18 (ust {@ wsuall W\ o (-S\mdxm osseciaked,
with Yo oiﬂtj G?mh’f f ——> hows Wondaju\\ Exca.\ex’f‘
— Wigrer ad Wey) 'Qumkms
-F;om'\n, Jass tj: \L«\IEN\J WMMM sstubions
{W (“/F)ﬂb\ék} e \Nta ofion, (with A =~ >

XY umv& o ‘VQnL ( <% Bq,. (63)> \ndeed this

- oS Q‘\QSQ \k oN \m\ls SV\CL
& sm\l té Scé*\e— vapiml we\ohboos (‘5"5q b)Y as

S(K,?,t) 35 e v«;—s\zk (ale (\Ju‘. S -53
(\\S dx Wx,p,£) = |, ®)?
. ‘_5: 2ex W O0RE) = |V |* } ?M:Ek
ond thus acky ez o cvm,:n %%&Q\‘xéﬂbutm

™ X-f hase. space | alfeigh Tt oul’ Wix,p)
enafive. . w fak, We coa show —>

NP)



- .
-2<\Wix,pA)< 2 } N e(x,p,t) (€3)
— The Wlaw ' € By leAb) wn ke watin ‘;“

; .

b o B e
WOPE= 545 X E PR Y ety

= EVQY% e-\’-\xE/‘h\Z((P_‘%.P)qp* (?"\LP)

- The Towd "cm\sﬁcw\ te Wi achion &
A\zgwd‘:b. jvy %qué“'(;{mj:‘\&m ‘

| W(K,E,t).‘-? i& %T%E e—/—i.(fx-l-X\’Vk W (X)F;'t) ! (Q"I)
U‘a—\ua Eq( (é(s) TR Qnad be shaw T Qn?ucit}:w:

(66

o o _1Tx
W(XEH)=g®) xe 3, DO i)
o de —UXPfh N |
zg“@-& %&_e plh 3 (?4111?)\1;;(?-.13 |

_— |

(62q)

— whidh voay bhe. taade uea N\&\Q\bammzl\uic' vatk
'\es@a_d: w8y (&) by \e.th':j X ==X
(od weall ow cactier digursion o«fédwd’
"tka,. USL’CAM\M X; \m_nl\\a\ m“wm«g S'\Ah!) =

- WEER g o ax S, (kN6

i +LXP/ R Ny
=S R RGP G4
No“}. . %w'(\(lx TR0 taany oudhios call \ﬁlil(—x )f) .

S ¢ \\l'l, !\: “\Tf"-“(”"'”\ T

(esk)




— Mre oavrlly since £ = P65 \o><pl | we,
%Qm % '(665& - P

W(x,p,t) = W(EH);x, P) (#9)
whee ke 2xitnd te definibiom to gloe fia
\N‘\gw w&?mﬁoﬁm ‘j‘ 2a qrb:kmD c?qrd:ar 6 as: |
W(B;xp) = §RETM G| Blx-1y

0 + 1 P A
= S %Q\X A‘;(,?"'%.‘P\G\?“}.P>P

(70)

wi‘\km?m\:%udaft@ﬁﬂl""w ing T -
ca-m&\auw\..:j \Naa\ &PW‘G?:?: &

NB%P) = {77 dxde SO g ) ()
- i

WG, %P = | ‘*"é&ﬁf’“ﬁ‘&’“ibx

= P ML punlpn,

~ We wa aldo €hew Yol Qx?mtu.'u‘m Values  of
c?mlm wa  cguunvakadly b wiln as:

By =T (§ §§ ’h

= Sg é?-l‘t%gf ("/?,t)Ss(x,ﬂ - (73)

= [ Wl WE;0p)




— We

o QAX{B dasve Tho qurhe.s

S A W(B;x,p) = <pl8lp>
S” mW@/ %,p) = KxI81x>

S‘S 2 W (S, %) =Te(8)

-Sc X W, By=CApeI-iE)
S.O \NN(é 5K P) = <1X\é\{x>
KOY‘XX‘WWCGN) W(o 0)

=00 =00

o

M(é/'x)ﬁ]* = \N(é}"/?) =>

W(S)X,F) ER fé:é.‘

£
 Co—

NG -x -B)]"= (&, B)

—_—

()

()

(732)

()

— Lotk newd whum to suwr exiaded demclmaer Romadion,
(22) Wk m,s wick tadkad o the Wq\ ?/wb.w\

rase s

=

h- iz, TRea (e Na“ﬂf?/&ov\h\w\
W'Pueue\mhloi&j«r-%

Gj‘ = 3L F=F(XBt) ¥

EH(L‘R—P )L'k-ox +E) H(Ckgf-\-xt)ﬁ;x\] O_g/'P -(:)

" Ck B_SL_J__X‘ J) )

oNidh i &ﬁ*m\\' o solwe directly ;aiut' —>

(16

(k)



leﬁ E(Xc/'f;}’c) s e 2D Toudie ’tms‘ju«-\ of
Pxi, pit) os expacted

§x2E) -“_ﬁ:‘%%"‘ pleg )& P j ()

'Pab osxbne The Sollion (48) inte By (7)) we A«D\c\
fre axa\u'c:g‘ dukien ¢
3teae) = & Fp o) | )
o tReas of e \Nea\ jw\d:{m % By, (€39)
[Nae : B () abio Maus diredly from €y (61)
Wk A=-f vz
Slopt) = o IREX W(x,p,t) ]
—

— e can new ?th.cl to Q\t?\w‘»dbo-ttm other Q
Coceni Col. M(Swmhms aanmh'-k bC) e 9
W‘\‘*g SP@-,R) a%erk’ms

—> alzo “{3 ?'\tb.reb‘b;\a! (but nat new!}

—_—
— Nete : €9, (17) exly Z\‘*““‘
%;Cf—k E (X/?/t) = ;<0\§\X>L (1‘\0.}
_S:dX}(X,E,E) =§g\j§\g>? (7as)
%0 st
“F RSO = Lag (19c)

Saxgtopt) = LpIFlpX (13



.4, Todiher Exdtzions | 23,
. We cowd hatie an exteded (x—p=X-B) quadun prase
Spure , ond Vo on afe g companide qpuastron
cxou’a as ab our S’Cut,\lil_._; Qcmwe,ﬁm& a
Second- extended Hamilbonan o wWNidh fhete 4+
Vocalos are. treaked :IS "ooddinales oad. Mhbesduieg
@« Sy 4 oojuadle wonan, sudh thed & i
B - daestioac) f‘m& ﬂiqca, we cmés;-d. x
wone function g; =0 (5,p,X B t), sy w fa
.ex \NIJW Spaca °
~ Qur SW’\QMSF\ ook 1 Kevid to ?ﬁ@:ﬂm:
| (1) We. breals (x,p) as Smmhzd conedinakes
R=(x,p) asd §ar conjugilt. Qpancalized,
(2) AW ow proviows resulbs 3 rt\'bua\\ with
*>H,2=2F ¢ dewdled
- & 'Po.rtux\nr ) bégcw&sm wifi By (48)

> T

Eﬁ(iﬁt)=$(_z,e)ﬁpft)e." }':/Rg ) (3a)
2 L i

— Siclody, o exieded Wigow fundion s, b
Qo«x\;g'ss,m with E“,-(Glb)?wﬁk A=-%: J

> 59, 1
W@ = et *?"J}(?,F,t)
b By, o) = ([8% & TR ardgXeaRy) | @)
q _ =&, ",-’lk,\,—; " " —_
SR OB |~ S T Y SO

=3



Wz(x,e,ﬁ,l’,t)ﬂ gﬁ% -L(exa,w)/tf(x#x,w% v4)
x o¥(x-Lip-1p)t)

> )

_ X dx d?l -H.(PX-H(E )/Lh S (X"‘%.Xl 'E‘*}‘_,P, “:) MB

-0 =80 . S*(Z \XIT .l]_)’{:) |

C/:&

‘ frowa Wida Lse M:UB e
W, (5, X,BE) is el | (%)

\:&E The absve W, & v similas to (,b\d'. r\e*:th |
same, 03) ek  labrodmed Onswebasis  ond
Nouwrdas (1999) tho essetially had a definition.

°,§ W, (x,$,%, P) as i By, 8\5 X \Tgug,a\;\\m
on RHS 9(x,p) m:\S(X D) oo N?\m.d >
W(x,8) oed W(X,P) ! Becamse we adva
e wanefuackions (x,p) o F(X,B) eur
sdewme  seemas MS\ wote  nakucal 1

— WNe WQ m&\d peove ono.\ﬁm wlobioos to s

B2 ¢ 2,3 = \:f(r:,a 5
S% 5, (‘(,]’/ (x i
m$ g)_(’(ll’/t\ =1r (&7') =tr (S?D < 1 (83\

t;kﬁ &P 1) = §(F 7%)§ (o, t)
Wé..mg (X ?’ﬂ = 3’(0,%)5*0")’0) I

o) ey Bl welatioas alre Sw
31(5?., ?I b\ ~? wﬁ '.2’? lt\ / ?;(ﬁll_?; t') - 'w;&,1‘§ I/ t)



5 ;
2. E“k“’ﬁ vaeasures : No shbistic) ~eadhondes &

mﬂn’l mM sa adsrint \’tmtv\b&dnv\ics.—“m EMD 2o
Sar % aa atial \fchi-“\\%vgtm gx S(x,?,\:) . For a Savhw'\
% moj chjﬂn.! e& g-o.o.&.o«\/ L=\,z,---N wih NS>, 16
§ et padich to use $0x;PiE) = wusl ?mcb'ce is
Han to hiwdie o snaviens antiep ?@ﬂLCQIQ
~> dJealy eae Wy to potad anin) |

g 3.5&3&\&«&:{0 Taamores ¢ vy @izt on Wo wnockelr ) bt

AR o«b\bﬁ w) aersyR hduw)\j? (ond s &Am/}

24 Fordher ’?\\uo. sPae deudings : The wxtnded wane
?cb:m f,.(“/Pz&/Y;t) (ormd fie, m&gmc\i«o Qxknded, W»‘Dw

Fiion Wg(“)?)x:?/a) and. {re WWU ?;(*')P'/X',ECQ
od o (reetipending @ckended W%\ m'm W, (8% B EY )
oce ) L 4O TFouar gevm = %
g;;«mw\hm W}S cm(b)z( fﬁalh»iuf an

e x—p-&- ~x-p/-X"-P e .

B exkended  dyabroudion Sonchione Qgs,i s W Wy o)

Mare Q\Q(ln:j we on Rhvedup 2N _dimangac),

Mﬁ%?::z“ AR eeding - dishlowbion. Sching
Nk -

i eadn dnuMing dascakes \\@w-oder 9pontum,
adise. (o P or Wy, abe) JD\MS N’*\h\\k‘m
vmoku.m wtdabions (via 9, o Wy , ete.)

(ond \ousely :  noise <> =nbespy

T andahias <> m‘cm&zmk)
Note : alse weeall fk wixed shket w . can wrapnd),
Ao ainegled que sldes w B
&3 e= % Toa l0<nl v &0 (witk Tr(fl) < l)

coan o onlo
- / "
7= 2—‘ Sen \N/n> i ‘8-’.@8—(
wit bR }“( = .__f_‘:‘ﬂ_. ]

" e




28*

g5, D-skix qpockum, xx\&kms et weve
deone us oﬂ\o«c@b\e to Desens ‘é:r asublubw_g')

LR Gaid); &Py G-)  (mees)
wWith et sbdes 4z = ¥, p>

alzy = (2> ; = =5 (x+ip)
= z>= DESY «» \x,r>- B(x,p) o)
Rlz) = expleat-22] « Bop)-oxe et )]

— Can 'vl.?&o:b jv( D-shie W\M‘\ sqslemas (%'bds)
VALY q‘a\qm’t o-em.b)( 'D(x, ') x&?lu‘-ul \ﬁ
ﬁ—«m\fe, &;%‘?\Q&W’C s?a

© Toude ‘ﬁm —> N Towder ’tmgj"‘“‘\

& (. Noazeo ’N-qmbues QT#O)
&a‘«ov ood \surdas o penealized wosve. i;-qre
et stekes o paixed Farmd, ohent =

ok T#-'D vie g, f:%&t:') W L?X PCI‘)
Sx’? (T) 'Trre ﬁqr—l : {b =Q15T—|
D(V,F)H DV":P) (-P—t—) & Fmeo” (% =x)
: d\wg j,fQT) -2 e, p><x, b

© ol we. ?m S? (}\X&i va
¢+ hene {:an?-&o.@a&g,;t P &T\t&’&&ms




To Qg(\d{xde:: ﬂk\wc\:} IS%r\ol& Yo ~y it
redinabions , | bdliene, TR Sormok. appocabus
?M't&s a v oftaa i W WG
'\m?o{tont a??utS 65 QIP ) Viz.

° aabime JdasSica MI’B\LQ ' atun >
w c.\:s\éicnl hml\:) iha
« oherene Vsus dewhwence (or puse
Versus eixed stakes; &ssi?qh&\ (T#0))
* qprontwn an\:nnd\e.wt
can b discussed c.ons'ss’m'\’\\\s




