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he study of cold Bose gases historically was an
nportant task as it led to the development of

perturbative methods
'Feynman diagrams

etc

lany properties at low densities are universal.
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'he universal regime at ultralow densities can be understood by
onsidering the properties of two-body scattering problem:
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Vhen the typical interparticle spacing is large compared to the range of
e potential, the exact shape of the potential 1s no longer important and
e Interaction potential can be describe by a single parameter:

the phase shift or

the s-wave scattering length a_

s-wave
scattering
length

potential r. anss interparticle distance

elevant length scales: '3 — the interparticle distance and a..
roperties in the universal regime depend on the gas parameter na’
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in the mean-field description the

. . . . . 5 I — (17}
hemical potential is linear with the density: e
the pseudopotential Vpseua(r) = g 6(r) X (regularization)
the coupling constant g being has the dimensionality of
[g] =[energy - volume]=[energy - L”]
>roper units are obtained in the following combinations:
3D: — | — gsp = dn———
' - om | m
| P AR Y
_ 752 _I %Z 111 L1,
g _ > p— —2 _ .
| D: maip J J1D maip -dependence on a,1s weak
(logarithmic)
[ B } o1 .
D: > 92D = - g, depends on density
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he equation of state of a three-dimensional Bose gas dates back to
957 when the beyond mean-field correction was obtained by
.W. Huang and Nobel prize winners C. N. Yang and T. D. Lee

[luang, Yang, and Lee .

-expansion comes in powers of
the gas parameter na’

- there 1s a subleading
logarithmic term
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The equation of state of a one-dimensional Bose gas
was obtained

- for pseudopotential gas by E. H. Lieb and W. Liniger
in 1963 using Bethe ansatz. An explicit expression for
the energy can be written in the weakly interacting limit
in terms of 1 / (n;pa:p) :

— - / o = \
ﬂ . i [ 4 o VL, o N—1/2 |
AT oJ1DU1D | L a0 \YD|Y1D]) T
1Y ys) \ e}/ /

- for hard rod gas by M. Girardeau in 1960 by
constructing a Bose-Fermi mapping for the ground state
wave function. The expansion comes 1n terms of n,pap:
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The mean-field contribution to the equation of state
of a two-dimensional Bose gas was obtained by
M. Schick in 1971. The chemical potential is given by: Iil

Wi

& L‘) —a
AT h~n |
s a3 fFU

H = g2pn = 1. 9|
Trt | 111 'H/(L“|

The energy 1is then obtained by integrating the chemical potential over
the number of particles:

EME 2rnh” /m

— ~/
m~

agn

D |

Y | Inna?| +1/2 — 1/(4|Inna?|) + ...

- expansion comes in terms of the logarithm of the gas parameters In ne
- convergence 1s very slow, compared to 3D and 1D cases
- calculation of the beyond mean-field terms 1s very complicated
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- Quantum fluctuations deplete the condensate and provide a BFM
contribution to the energy:

nNT
A YIS

In3D: 0 _ ¢ _ ® Vnad + ... BMF term o /543
_/?\=\_/T ?ix_//;
N 3y
No . 1 1
In 2D: =1— 5 e BMF term o 5
N | In na?| | In na?| + const

- integrating MF expression
for the chemical potential:

1

- Popov’s recursive relation
for the chemical potential:

oo

const
; In na’

| Inna?| + In|Inna?| + 47 x const + -

-the difference between cut-off length, range of the potential and a.

- chemical potential depends on the scattering amplitude (in the ladder
approximation). which contains v in its short-ranee expansion



year rst aut

1978

1978

1988 Ingredients are there:

1992 terms contain:

N 1,y

1993 >

N But what is the correct

Y combination???

2001

2002 ,

2003 | Mora \ | In 1/
2003 | Pricoupenko’| B In|Inna*| —Ilnw — 2y — 1/2
2005 | Pilati BMF | 0.861n|Ilnna?| — 2.26

Literature overview: equation of state of a dilute 2D Bose gas
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1 = 1, while there 1S no agreement on the second BiViF term (o
I ZTnn /m
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'ypical density of applicability of the
e m times larger than typical constant term In4m. This leads to :
{)

FreL
stimation of a characteristic density na? ~ e (4™
PS vOZ\ accuracy (m — ‘)\ — ex‘[remelv low H(—\nm‘rv na? ~ 10~
862
na® ~ 10~

cyond mean-field terms can be conveniently seen in the expressio

H 4—1."..’\. '!':':".".':‘!_ ’\f “‘AAA]] ’J’"""-""L"" 1':-"= | I':-’E ’:-"..-"52| \\\ H
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DMC dipoles
Popov
------------ Lozovik et al.
------ Hines et al.
Ovchinnikov
- Andersen
—--—- Mora et al.
——— Cherny et al.
Pilati et al. (fit)
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Non-universal beyond MF Corrections onh’n/[mE/N] — | Inna?|
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1th the constant

MC results agree within errorbars wi
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A. Cherny& A. Shanenko (2001),
C. Mora&Y. Castin (2003),
g ™ ¢ _ ¥ aYaValy'
L. Pricoupenko (2004).
'.‘ .V ‘.e ..“. ) ea ] .V‘ ) s‘.aﬂ a A aa e ]
imensionless in-medium scattering amplitude v obeying the equatic
1/u+1Inu = —In(mna?) — 2

nportantly, defined in this way, u contains all recursive terms of
pe |Inna?| + In|Inna?| + Inln|Inna?| + ...

The dimensionless energy e = Em/(2nh*nN) is
. [Cherny & Shane

then expanded
e

5 a series € = u + u? /2 — nko].
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he equation of state can be studied in high precision experimen:
e e AL O (Y €17 T ¢+ T _ &1 T _ *__ L _
casurllilg Lie lrequeliCy 14 Ol Lhe lowest DIcalblilllg 1mode 111 a trap
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yproximation once the density dependence of the chemical potenti:
/N »*
a homogeneous system pipom(72) 1s known
1 , 1 , 1

2mwyy + 2mwzz°

nstant p is fixed by the normalization condition N = [n(r)dr. Tt
is obtained as Q2 , = —2(r?) /&TZ)

K = Khom [n(r)] =+ mwxm =+

equency of the breathing mode
ote that the edge
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hard spheres
soft spheres
dipoles
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Universal equation of state of a two-dimensional dilute Bose gas
‘a long standing problem. A large number of analytical results is
und in the literature (often incomplete and even contradictory!)

All theories agree at mean-field level and the majority agree on
e first beyond MF term, which, however, does not provide an
ccurate quantitative description at realistically low densities.

Ionte Carlo method. Densities as Iow as na3 10-199 gre considere

Analytical expressions for the beyond mean-field terms are teste

-oonfronted-to.f e e .

An empirical equation of state is provided as a fit to DMC data

we suggest future experimental work to measure the frequency
f a breathing collective oscillation in a trap as a very sensitive toc
r verifying the universal 2D equation of state.
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